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ABSTRACT 

Results of numerical search for new self-oscillatory compressible flows are presented. Two-
dimensional Reynolds-averaged Navier-Stocks equations added by an algebraic turbulence 
model are solved by an implicit third order Runge-Kutta scheme. Interactions of supersonic jets 
with cylindrical bodies, placed in open tubes, are discovered to have self-oscillatory regimes. 
Search for unsteady flows is carried out at jet Mach numbers 1.1≤M≤1.2. 
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INTRODUCTION 

“Microscopic” oscillations exist in majority 

of compressible flows, particularly, in 
turbulent flows. These “microscopic” 

oscillations are transforming to 
“macroscopic” oscillations in some cases. 

To our opinion, there are next cases of this 
transformation possibility: 

1. growth of oscillations for sufficiently long 
shear layers or long jets as a result of the 
Kelvin-Helmholtz instability (this growth is 
studied, for example, in [1-3]), 

2. possibility of various locations of flow 
separation from the bluff body surface, 

which results moving of this points and 
formation of unsteady flows (see, for 
example, [4-6]), 

3. resonance interactions resulted from the 
positive feedback effects. 

This third case includes jet cavity 
interactions (see, for example, [7-9]), a jet 
impinging on a plate [10-15], open cavity 
flows [16-19], flows past snaked bodies [15, 
20-22]. We suppose that self-oscillations of 
all these unsteady flows are resulted from 
resonance interactions of flow “active” 
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elements, namely, elements amplifying 
disturbances. 

The supposition is used here that contact 
discontinuities and intersection points of 
shocks with shocks or shocks with contact 
discontinuities compose the flow set of 
“active” elements. 

Possibility of the disturbances amplification 
by contact discontinuities is a result of the 
Kelvin-Helmholtz instability and is 
accepted. Inclusion of intersection points to 
a list of amplifiers [15,23] is made as a 
hypothesis, which is checked by results of a 
search for new unsteady flows.  
We construct and investigate flows, 
containing “active” elements. Particularly, 

flows near blunted bodies (cylinders or 
cones), giving off opposite jets, were 
discovered to have unsteady regimes [23]. 
Here these investigations are continued. We 
study axis symmetrical flows near blunted 
cylinders, placed in open tubes. It occurred 
that most intensive self-oscillations are 
observed for jet Mach numbers closed to 1, 
so jet Mach numbers 1.1≤ M ≤1.2 are 

considered here. Systems of weak shocks 
may be contained in the region between the 
jet start and cylindrical body. It is clear that 
if the cylinder radius r cyl  is equal to the 

inner radius of tube r tub , r cyl =r tub , Hartmann 

whistle is resulted. Similarly, if the cylinder 
radius r cyl  is sufficiently large, we have jet 

impinging on a plate. Since we want to find 
new self-oscillatory regimes, we use here jet 
radiuses which exceed cylinder radiuses and 

which are bounded by tube radiuses. We 
consider here only flows with ring jets 
moving near outward surfaces of the tube. 

PHYSICAL AND COMPUTATIONAL 
MODELS 

Reynolds-averaged Navier-Stocks equations 
added by an algebraic turbulence model are 
used here and in previous author’s 

investigations [15,23]. A search for new 
self-oscillatory flows deals with trial 
calculations of numerous different flows. 
So, we need in a simple and universal 
turbulence model. Here the model is used, 
based on the Prandtl formulae 

µ=ρ|w|k²z²                                             (1) 

where w is a vorticity,   is density, z is the 
length scale, k=0.4 is the von-Karman 
constant. This formulae is dealt in classical 
Cebeci-Smith and Baldween-Lomax models, 
where the length scale is defined as the 
recent point distance to the solid wall. 
Formulae (1) is used also in the 
Smagorinsky model of LES (Large Eddy 
Simulation), where the length scale is the 
grid cell size. Another definition is used 
here. We divide flows on vortex zones and 
ideal zones. The length scale is equal to zero 
in ideal zones and is equal to the recent 
point distance to the zone boundary in 
vortex zones, with next usage of the 
limitation written below. 

The viscosity calculation starts with the 
determination of vortex zones by the 
velocity circulation calculation. The current 

jet
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mesh cell belongs to any vortex zone if the 
inequality is true: 

 

where S is the mesh cell area, u are velocity 
vectors at mesh nodes, ∆r are vectors 
connecting neighboring nodes, е is a  
small constant (for which the value 3/N is 
chosen in trial calculations, N - the most 
number of mesh points in space variables), 
(u∆r) are scalar multiplications of vectors, 
|u||∆r| are multiplications of vector lengths. 
The middle part of this relation represents 
approximately the velocity circulation along 
mesh cell boundaries. The length scale z is 
calculated by formulas: 

z=d[x-(x/1.5) 3 /2], if x=L/d < 1.5, z=d, if 
x>1.5. 

where L – the recent point distance to the 
vortex zone boundary, d – a delimiting 
parameter. These formulas define  
a delimiter with continuous first derivative. 
Calculations, presented here, are carried out 
for d=r tub /60, r tub  – the tube inner radius. 

The used here approach deals with the fixed 
aggregate of scales of disturbances 
represented in the turbulent viscosity. As a 

result, the turbulent viscosity is steady while 
the mesh number is varying and, 
consequently, the contact discontinuities 
thickness (more precisely, shift layers in our 
case) is steady while the mesh number is 
varying. It makes possible checking of the 
solutions convergence in the mesh nodes 
number and, consequently, makes possible 
additional verification of the unsteady 
regimes existence. 

An implicit conservative Runge-Kutta 
scheme [24] is employed here with some 
modifications. Initial method [24] is 
implemented in a computer code for 
sufficiently smooth curvilinear coordinate 
transformations x =x(a,b), y =y(a,b),  
mapping the unit square in the plane of 
variables a,b to a curvilinear quadrangle in 
the plane of physical variables x, y. Within 
this approach, it is difficult to obtain 
satisfactory meshes for complicated physical 
domains. For that reason, a special version 
of the code is developed for the case when 
functions x=x(a,b), y=y(a,b) perform 
mapping of the unit square with excisions 
{0≤a≤a 0 , 0≤b≤b 0 }, {a1 ≤ a ≤1, 0≤b≤b 1 } to 
a curvilinear quadrangle with curvilinear 
quadrangular excisions (see fig. 1). This 
version allows carrying out calculations, 
described below, without dividing 
complicated domains into sub-domains. 
Both recent method and method [24] are 
third order in time and fourth order in space 
(viscous terms are approximated with 
second order). 
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Figure 1. Schematic representation of a 
domain, a mesh and a jet. 

Figure 1 represents schematically a flow 
near a cylindrical body, placed in an open 
tube. There is a uniform supersonic jet, out 
flowing from a nozzle at the left side of the 
picture. All variables are prescribed at 
inflow boundaries (HI,IA). The tangential 
velocity component is equal to zero and 
other variables are extrapolated at solid 
surfaces (CB,CD,FE,FG), which are 
represented in fig. 1 by bold lines. The radial 
velocity component is equal to zero at the 
symmetry axis, other variables are 
extrapolated. Extrapolation conditions are 
used at the tube exit (DE). The upper 
boundary (AB) requires complicated 
conditions. Extrapolation conditions are 
used at this boundary as a rule. In some 
cases the velocity component, normal to this 
boundary, becomes negative, which leads to 
instability of the numerical solution. To 
avoid this instability we prescribe zero value 
of this component at the boundary and in the 
vicinity of the boundary. Test calculations 
show, that numerical results are not sensitive 
to variation of this boundary place, if this 
boundary is sufficiently distant. 

Naturally, numerical calculations deal with 
dimensionless variables. These variables are 
defined as relations of initial variables and 
next parameters of the outer stream or the 
body size: p  - for pressure, ρ  - for a 

density,  - for a velocity, r tub  (the 

inner tube radius) – for space variables, r tub /

 - for time. 

An open cavity flow [17,18] and an under 
expanded supersonic jet impinging on a 
plane [14] are were used for comparison to 
verify the numerical method and the 
turbulence model. 

This cavity flow is tested numerically with 
flow field condition M =2, the cavity depth 
– length ratio is 0.5.  The time history of the 
surface pressure at the x=2L/3 point on the 
cavity floor is used to form the time 
averaged sound pressure level , which 
is computed by the equation 

=20 Log  (Δp /p ),  p
=20mkPa/p ,                                    (2) 

 
where 

Δp= 2'p , =
n

(p n - ) /N,                                                                                                                                                                 

.                                                              (3) 

p =98066Pa (air pressure under normal 
conditions) is used since dimensionless 
variables are dealt here. The resulting time 
averaged  of 174.8Db may be 
compared with the numerical  of 
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167.54Db and the experimental  of 
164.41Db resulted in [17]. The weighted 

 for data from various sources [18] is 
approximately 171Db. 

Jet impinging on a plate [14] is computed 
[15] with flow field conditions M =2.098 

(Mach number at the exit cross section of 
the nozzle), p /p =4.785, γ=1.4,  h

=6.95r  (h  – the nozzle exit distance to 

the plate, r  - the nozzle radius), б =4° 

(the nozzle half-angle). The 696 463 mesh 
is used. The resulting frequency of 8206Hz 
may be compared with the experimental 
frequency of 9033Hz , presented in [14]. 

RESULTS AND DISCUSSION 

Figure 2 shows the density distribution, 
calculated for flow conditions M =1.1, ρ

=0.25 (in dimensionless form), p =0.7. 

Geometry parameters are r cyl =0.6, r  =0.8, 

h =1.3 (the distance of the nozzle exit 

section to the cylinder surface), L tub =1.0, L

cyl =1.3, (L tub  and L cyl - tube and cylinder 

lengths). The 575 586 mesh is used, 
excisions contains 168 325 and 180 390 
points. 

 

Figure 2. The density distribution, M

=1.1. 

There is jet near outward surfaces of the 
tube. Weak shock waves compose “lambda” 

configuration near axe y=0. 

Intensive self-oscillations exist in this flow. 
It may be seen in fig. 3, where density 
histories are shown for the point, signed by 
an arrow in fig. 2. Calculations are carried 
out for the 515x586 mesh (the 23-56 time 
interval) and for the 762x883 mesh (the 
39.5-56 time interval). Initial flow fields for 
the last mesh are obtained by linear 
interpolation of discrete solution from the 
515x586 mesh. 

 

Figure 3. Density histories for the inner 
surface of the tube 
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The calculations accuracy may be evaluated 
on the base of density histories shown in 
fig.3. Discrete solution for the 515x586 
mesh produces lesser oscillations then 
solution for the 763x883 mesh. It may be 
explained by the greater influence of 
numerical dissipation for meshes with lesser 
number of points. Fig. 4 shows the density 
distribution for the 763x883 mesh. Density 
fields shown in figs. 3 and 4 corresponds to 
the same time moment t=56. Comparison of 
these figs. gives additional evaluation of the 
computations accuracy. 

 

Figure 4. The density distribution, the 
763x883 mesh. 

Density histories represented in fig. 3 show 
nearly periodical behavior with the T=0.95 
period. Flow fields dynamics for the [56.0, 
56.0+T] time interval is shown in figs. 4-8, 
which correspond to time moments t=56.0, 
t=56.0+T/4, t=56.0+T/2, t=56.0+3T/4, 
t=56.0+T. The 763x883 mesh is used. 

 

Figure 5. The density distribution, 
t=56.0+T/4 

 

Figure 6. The density distribution, 
t=56.0+T/2 

 

Figure 7. The density distribution, 
t=56.0+3T/4. 
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Figure 8. The density distribution, 
t=56.0+T. 

Density distributions, shown in figs. 4 and 8, 
correspond to time moments differing by 
one period, so these distributions are alike. 
The unique feature of the considered 
solution is a discontinued character of the 
jet, moving along the outward surface of the 
tube. Next ideas may be suggested to 
explain this character. Shock waves which 
appear in flows with Mach numbers closed 
to 1 are highly sensitive to any disturbances. 
Different patterns of weak shock waves are 
seen in figs 4-8. The change of the shock 
waves pattern disturbs the outer flow, 
especially this change disturbs the jet 
boundary as a result of the Kelvin-
Helmgoltce instability. This disturbed flow 
influences on shock waves. So conditions 
are formed for the positive feedback effect. 
As a result, a resonance may take place, 
which induces self-oscillations of the flow. 
These self-oscillations are sufficiently 
intensive to provide a discontinued character 
of the jet, moving along the outward surface 
of the tube. 

It should be noted that the possibility of a 
resonance, leading to oscillations appearing, 
depends on the flow structure. We cannot 
predict these resonance possibility and 
oscillations appearing. For example, the 
flow, considered below, contains two shocks 
in the jet start region. But this flow is steady. 

Figure 9 shows the density distribution, 
calculated for flow conditions M =1.2, ρ

=0.25, p =0.7. Geometry parameters 

are r cyl =0.6, r  =0.8, h =1.5 (the 

distance of the nozzle exit section to the 
cylinder surface), L tub =1.0, L cyl =1.3, (L tub  

and L cyl - tube and cylinder lengths). The 
575 586 mesh is used. 

 

Figure 9. The density distribution, M

=1.2. 

 

CONCLUSION 

Numerical search for new self-oscillatory 
compressible flows, started in [15,23], is 
continued in recent paper.  Supersonic jet 
impinging on cylindrical bodies, placed in 
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open tubes, is investigated at jet Mach 
numbers closed to 1. The unique feature of 
one of the considered flows is a 
discontinued character of the jet, moving 
along the outward surface of the tube. We 
suppose that the self-oscillatory mechanism 
of these flows bases on resonance 
interaction of two “active” elements, 

namely, systems of weak shocks, placed 
between the jet start and cylindrical body, 
which are highly sensitive to flow 
disturbances in the case of flow Mach 
number closed to 1, and jet boundaries, 
amplifying  disturbances as a result of the 
Kelvin-Helmgoltce instability. 

___________________________________________ 
 
Nomenclatures 
 
p - jet pressure,   

ρ  - jet density, 

M  - jet Mach number,     

µ - viscousity,   
w - vorticity,  
z - length scale,  
γ - specific heat ratio,   
r cyl - cylinder radius,  

r - jet radius,  

r tub  - tube radius,  
h - distance of nozzle exit section to 

cylinder surface,  
L cyl  - cylinder length,  

L tub  - tube length 
___________________________________________ 
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